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GLO S SARY OF TERM S * 
A. = Me an a r r i v a l  r a t e  
p. = Me an s e rv i c e  r at e  p e r  c h ann e l  
e. = 'l\/m]A-. (u t i l i z a ti o n  f ac t o r) 
Pn = P r ob ab i l i t y th a t  ' n' u n i t s  ar e i n  th e s y s t em 
m = N u mb e r  o f  p ar a l l e l  s e rv i c e  c han n e l s  
. . 
* A p ar t i a l l i s t i n g  o f  th e d e f i n i t i o n s  u s e d  i n  Queu e i n g 




I n  t o d ay' s w o r l d, t h e  w a i t i n g l i n e s  o r  qu eu e s  f o rm e d  
b y p e o p l e, mac h i n e s , o r  o t h e r  u n i ts ar e c o mmo n an d o c c u r  
w h e n ev e r  th e t emp o r ar y  d eman d  f o r  a s e r v i c e  e x c e e d s  t h e 
c ap ac i t y t o  p r o v i d e  i t . Th e ab s c e nc e o r  p r e s en c e  o f  a 
qu eue i s  o f  no c o n s e qu e n c e u n l e s s  t h e r e  i s  an e c o n om i c 
v al u e  a s s o c i a t e d  w i th i t . Th e s e  v a l u e s  may b e  t h e  c o s t s  
a s s o c i at ed w i t h  i d l e  p r o du c t i o n e qu i pm e n t  an d p e r s o nn e l  
o r  t h e  l o s t  s a l e s  du e t o  u n s at i s f i e d c u s t om e r s . I f  o n e  
d e s i g n s  f o r  s u f f i c i en t  f ac i l i t i e s  s o  t ha t  n o  qu e u e  bu i l ds 
up ,  t h e n  t h e  o p e r a t i on i s  l i k e l y  t o  b e  u n e c o n o m i c a l du e 
t o  ex c e s s i v e i d l e  tim e  at t h e s e r v i c e  f ac i l i t y . I f  o n e  
d e si g n s  t h e f a c i l i t y s o  t h a t  t h e r e  is ne v e r  any i d l e  t i m e  
at t h e s e r v i c e  f ac i l i t y , t h e n  a n  unmanag e ab l e  qu e u e and man y  
l o s t  c us t om e rs m a y  r e s u l t . A s y s t e m s  an a l y s t  mu s t  d e s i g n 
a p r ac t i c a l s y s t em s o  a s  t o  b a l anc e t h e s e  c o s t s  a t  s o m e  
op t im al p o i n t . 
C l a s s i c al qu eu e i ng p r o b l em s  may b e  f o u n d  i n  m an y  
ar e a s .  In t h e  t r an s p o r t a t i o n  f i e l d ,  o n e  mu s t  d e c i d e t h e 
o p tim a l  num b e r  o f  a i r c r a f t  f l i g h t s t o  s c h e du l e  i n t o  a 
p ar t i c u l ar ci t y  t o  h an d l e i n d i v i du al r e qu e s t s f o r  f r e i gh t  
2 
and p a s s e n g e r  s e r v i c e . I n  mach i n e  i n t e r f e r e n c e ,  wh e n  
o n e  o p e r a t o r  i s  a s s i g n e d  t o  tw o o r  mo r e  mach i n es ,  th e r e  i s  
a p o s s i b i l i t y th a t  o n e  mach i n e  may r e qu i r e  h i s s e r v i c e s 
wh i l e  h e  i s  w o rk i ng w i th th e o th e r . As th e n u m b e r  o f  
m a ch i n e s  p e r o p e r a t o r  is i n c r e a s e d , th e p r o b ab i l i t y o f  
o n e  m ach i n e  i n t e r f e r i n g w i th th e n o rm a l  o p e r a t i o n o f  
-
an o th e r is s i m i l ar l y i n c r e a s e d . I n  a su p e rmar k e t  s y s t em ,  
o n e  mu s t  k n ow th e n um b e r  o f  ch e ck o u t  c o un t e r s  t o  b e  
p r o v id e d . I n  a m e d i c a l f ac i l i t y , o n e  w o u l d w an t t o  k n bw 
h ow m an y ph ys i c i an s  sh o u l d  b e  ass i g n e d  t o  an o u t p a t i e n t  
c l i n i c . 
Ph y s i c a l l y  a qu eu e i ng s ys t em i s  c o mp o s e d o f  tw o 
p ar t s� a w a i t i n g  l i n e  an d a s e r v i c e  f a c i l i t y . A c o mp l e t e 
d e s c r i p t i o n  o f  a p ar t i c u l a r qu e u e i n g s y s t em is d e p e n d e n t  
o n  th e i n pu t p r o c e s s ,  s e r v i c e  m e ch an ism , qu e u e  d i s c� p l i n e , 
s t a t i o n c o n f i gu r a t i o n , an d p o p u l a t i o n . S o m e  o f  th e v ar i a t i o n s  
f o r th e s e  p� r am e t e rs th a t  h av e  b e e n s o l v e d  m a th ema t i c a l l y  
ar e  sh own i n  F i gu r e  1 .1 
An o th e r  w ay t o  d es i g n a t e qu eu e i n g p r o b l em s  i s  b y  
c o n s i d e r a t i o n o f  th e i r  p r o p e r t i e s . Thus , p r o b l em a r e a s  
!R i ch a r d  P .  C o v e r t , Qu e u es and S i mul a t i o n (Br o ok i n gs:
 
Dep ar t m e n t o f  M e ch an i c al Eri g i n e e r i ng, S o u th Dak o t a S t a t e  
Un i v e r s i t y , 19 6 8 ) , p . 9 .  
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m ay b e  g r o u p e d i n t o o p e r a t i o n al ,  s t a t is t i c a l , an d 
b e h av i o r a l  p r o bl ems .  Op e r at i on al p r o bl ems i n c· l u d e  al l 
p r o b l ems th a t  ar e i nh e r en t  i n  th e o p e r a t i o n o f  a r e a l  
q u e u ei n g  s ys t em .  Fo r examp l e , i n  a sup e rmark e t , a 
m anag e r  mus t k n ow th e numb e r  o f  c us t o m e rs h e . is w i l l i n g  
t o  h av e  w a i t i ng i n  l i n e  f o r  s e r v i c e  b e f o r e  an a dd i t i o n al 
c h e ck o u t- c o u n t e r  is o p e n e d . He is at t emp t i n g t o  o p t i m i ze 
b e tw e e n  th e c os ts o f  l os t  c us t om e rs wh o f a i l  t o  w a i t and 
the c os t  o f  p r o v i d i n g a d d i t i o n al s e r v i c e  f a c i l i t i es .  
S t a t is t i c al p r o b l ems ar e · c o n c e r n e d  w i th th e s tu d y 
o f  em p i r i c al d a t a  an d  t es ts o f  hyp o th es es r e g ar d i ng qu e u e 
s i t u a t i o ns .  As an exampl e , o n c e  th e b as i c  s t a t is t i c a l 
ass u mp t i o ns a r e s a t is f i e d b y  c o ll e c t i n g  d a t a  i n  s u ch a 
m ann e r  s o  as t o  ass u r e  i n d e p e n d e nc e o f  o bs e r v a t i o ns , 
n o rm al� t y , and e qu al i t y o f  e r r o r  v ar i an c e; an e x p e r i m e n t  
m igh t b e  p r o p os e d  u t il i z i ng a s imp l e ·� t es t . 
H0: th e m e an numb e r  o f  u n i ts i n  th e s ys t em = t h e o r e t i c al 
v a l u e 
0(, = l e v e l  o f  s i g n i f i c an c e ch os en 
t = m e an valu e - th e o r e t i c al v a l u e 
s t an d ar d e r r o r  
I f  t h e  c a l cu l a t e d  val u e  o f  't' is l ess th an t h e  
th e o r e t i c a l v a l u e , H is ac c ep t e d; 0 o th e rw is e , i t  is r ej e c t e d . 
5 
The behavioral problems are concerned with mean queue 
length, mean number of units in the system, average waiting 
time, and similar statistics which describe the behavior 
of the system. Another behavioral distinction that could 
be made is between time-dependent or transient, and time-
independent or steady-state behavior. 2 
A queueing process is defined to be in' statistical 
equilibrium or steady state if the probability ·that there 
are n units in the system is independent of the time 
that has elapsed since the process started. That is: 
For example, the average number of customers in a 
supermarket checkout queue will be different 1 0  minutes 
after the store opens from the average number 2 hours later • .  
At each time there is a probability distribution for the 
length of the queue or the number in the system. The 
resulting probability distributions will vary with time. 
As time progresses, the mean number in the system moves 
away from the initial number in the system. This starting 
2Narayan U .  Bhat, "Sixty Years of Queueing Theory," 
Management Science, 1 5 : 6  (February, 19 69 ) ,  pp . B280-B29 4. 
3Alec M. Lee, Applied Queueing Theory (London: 
MacMillan and Company, Ltd . , 19 6 6 ) ,  P· 27. 
p o in t cond i t i o n s  t h e  p r o ba b i li ti e s  du ri ng t h e  t ra n s i e n t  
p e r i od .  L a t e r , t h e  t ra n s i e n t  di sa p p ea r s  a n d  t h e  s y s t em 
o p e r a t es w i t h t h e  i n p u t  a n d  ou t p u t  o f  c u s t om e r s  e s ta bl i s h -
i n g  d i s tri bu t i o n s  t ha t  a r e  i n d e p e n d e n t  o f  t h e  i n i t i a l 
number p r e s e n t . W h e n t h e  ini tial e f f e c t ha s w o r n  o f f , o n e  
m i gh t  exp e c t  t o  f i n d t h e  s y s t em w i th t h e  s am e  g e n e r a l  
pat t e r n of · p r o b ab i l i ti e s  a t  a n y  o n e  t i m e  a s  a t  a n y  o t h e r  
t im e . Thu s , t h e  p r o b ab i li t i e s a c qu i r e a n  e qu. i li b r i u m  o r  a 
s t e ad y -s t a t e  f o rm . 4 
T h e  m aj o r i t y  o f  t h e  l i t e r at u r e  i n  qu eu e i n g t h e o r y  
is con c e rn e d  w i t h  t h e  b e ha v i o ra l  as p e c t . Th e p u r p o s e  o f  a 
study of b e ha v i o r a l  p r o b l em s  i s  t o  u n d e r s t an d  a p a r ti c u la r  
s i t u a t ion a s  t h o r ou g h l y  a s  p o s si b l e . Th i s  i s  d o n e  t h r o u gh 
th e u s e  of ma t h ema t i c a l  mo d e l s whi c h  a r e  n e c e s sa ri l y  
i d e a l i z ed t o  va r i ou s  d e g r e e s . 
To c o n s t r u c t  f o rmu l a s f o r  m e an b e havi o r a l  s ta ti s t i c s , 
o n e  u s es t h e  d i f f e r e n t ia l- d i f f e r e n c e me t h o d d e v e l o� e d  b y  
A. K. Er1 ang t o  mo d e l  t h e  qu e u ei n g s y s t em mat h ema t i ca l l y . 
5 Th is m e tho d u s e s  Ma r k o v - c h ain p r o c e du r e s . 
6 
4Thom as L. Saa t y , El em e n ts o f  Qu eu ei ng Th e o ry (N e w  Yo r k :  
McG r aw-Hil l B o o k  C om p any , I n c . , 19 6 0 ), p p . 1 4-1 5 . 
5Jos e p h A .  Pani c o , Qu e u e i ng Th e o ry :  A S t u dy o f  Wa i ti ng 
L i n e s  f or Busi n ess, Ec o n om i c s, and S c ie n c e (Eng l e w o o d C li f f s : 
Pr en t i c e-Ha l l , I n c . ,  19 69 ) ,  p p . 1 21-1 29 . 
7 
Th e s y s t em o f  li n ea r  e qua ti o n s  r e la t e s  t h e  s ta ti o na r y  
p r o ba bi l i t y s ta t e s  o f  t h e t ra n si ti o n  ma t ri x . 6· Th e s t ea d y  
s ta t e  so l u ti on i s  o b tai n e d  by fi r s t  r e du ci n g  t h e  s e t  o f  
di f f e r en c e  e qua ti o n s  t o  a s e t  o f  time- d ep e n d e n t  e qua t i o n s. 
Th e t i m e - ra t e -o f - c hang e i s  t h e n  s e t  equa l t o  z e r o , a n d  
t h e  r e su l ting e qua ti o n s  a r e  s o l v e d  f o r  t h e  p r o ba bi li t y  
s ta t e s . -Th e p r o ba bi li t y  s ta t e s  a r e  t h en u s e d t o  o b tain 
t h e  s ta t i s ti c s d e si r e d . 7 Th e s e  e qua ti o n s  ca n b e  w ri t t e n 
w i t ho u t mu c h  d i f fi c u l t y  f o r  t h e  simp l e r ca s e s . 
I t  i s  qu e s t i o na b l e  w h e t h e r  in r ea l -w o r l d  p r o c e s s e s  
s u c h  a t h i n g a s  s t ea d y  s ta t e  exi s t s . How e v e r , i t  i s  
p o s s i b l e t o  mak e  a g r ea t  d ea l  o f  p r o g r e s s i n  u n d e r s ta n di ng 
t h e  b eha vi o r  o f  qu eu e s , w h e t h e r  t h e y  a r e  tim e  i n d e p e n d e n t 
8 o r  n o t  b y  u sin g f o rmu la s  f o r  t h e  s t ea d y . 
F o r  t h e  s in g l e - cha nn e l  qu e u ei ng s y s t em w i t h e xp o n e n tia l 
i n t e ra r r i va l  a n d s e r vi c e  time s , M o r s e  d e ri v e d  a r e la t i o n s hip 
f o r  the r e laxa ti o n  tim e . Thi s i s  d e fi n e d a s  t h e  tim e  
r e qui r ed f o r  t h e  s y s t em t o  r ea c h  l/ e  o f  t h e  d i f f e r e n c e 
6Emanu e l  Pa r z en , M o d er n Pr o babi li ty T h e o ry a n d  I t s  
App l i ca ti o n s  (N ew Y o r k : John Wi l e y a n d  S o n s , I n c . , 19 60 ), 
pp. 13 6 - 14 5 . 
7Co v e r t , p p . 33 -43. 
8 L e e, p. 2 1 5 . 
8 
b e t w e e n  i t s  i n i t ia l  s ta t e  a n d  f i na l  s t ea d y - s ta t e  va l u e  i n  
t e rm s  o f  t h e  m ea n  s t ea d y - s ta t e  a r r i va l  ra t e , �' a n d  t h e  
m ea n  s t ea dy- s ta t e  s e r v i c e  ra t e , � .
* Th i s  �a n b e  u s e d  t o  
p la n  f o r  t h e  l e n g t h  o f  t ra n s i e n t  p e r i o d s i n  t h e  s i n g l e - c ha nn e l  
9 ca s e . 
I f  a s y s t em i s  e n t i r e l y  t i me d e p e n d e n t , t h e n  t h e  s y s t em 
w i l l  n e ve r  o p e ra t e  a t  s t ea d y - s ta t e  c o n d i t i o n s. Th i s  i s  a 
p u r e - t ra n s i e n t  s y s t em wh i c h i s  un d e s i ra b l e. i n  r ea l  l i f e 
a n d  i s  p r i ma r i l y  o f  a ca d emi c i n t e r e s t  • App l i e d r e s ea r c h e r s  
. ar e g en e ra l l y  i n t e r e s t e d i n  t h e  e f f ec t s  o f  t ra n s i e n t  p e� i o d s 
a f t e r wh i c h t h e  s y s t em s  o p e ra t e  a t  o r  n ea r  s t ea d y - s ta t e  
c o n d i t i o n s . L e e  s u g g e s t e d  t ha t  wh en e i t h e r  t h e  c u s t om e r s  
o r  s e r v e r s  o r  b o t h  a r e huma n  b e i ng s , s ta r t i n g u p  p e r i o d s  
a r e  ma r k e d  b y  su c h  i n s ta b i l i t y  i n  s e rv i c e - t i m e  d i s t r i b u t� o n s  
a n d , f� e qu e n t l y , i n t e ra r r i va l - t i m e  d i s t r i bu t i o n s; t ha t  t h e  
f i tt i ng o f  a p r e c i s e  ma t h ema t i ca l  mo d e l  b e c om e s  v e r y  
d i f f i c u l t . 10 
Lee f u r t h e r  s u g g e s t s  t ha t  the maj o r i t y  o f  qu e u e s  
*A p ar t ia l  l i s t i ng o f  t h e  t e rm s  u s e d a p p ea r s  i n  t h e  
Gl o s s a ry o f  Te r m s  a n d  i n  App e n d ix A .  
9p. M .  Mo r s e, Que u e s, I n ve n t o r ie s, and Ma i n t e na n c e 
(N ew Y o r k: J o hn W i l e y a n d  S o n s , 19 5 8 ) , P· 6 7 . 
10Lee, p .  2 7 . 
9 
i n vo l v ing p e o p l e a p p ea r  t o  o p e ra t e  a t  o r  n ea r  s t ea d y - s ta t e  
c ondi ti o n s  e i t h e r  b y  d e s i g n  o r  b y  e f f e c t s  w h ich t en d  t o  
p r e s e r v e s ta bi l i t y . As a n  e xamp l e , h e  r e ca l l e d  t ha t  a t  
c e r tai n L o n d o n  ra i l r oa d  t e rmina l s  i t  i s  p o s s i b l e  t o · o b s e r v e 
an o l d  man who f la g s pa s s i ng ta x i s  i n t o  t h e  f e e d e r  ta x i  
rank wh e n  t h e r e a r e  va ca n c i e s . . BY thi s  m ea n s , t h e  ran k s 
ar e k e p t  - f u l l  a n d  t h e  o l d  man i s  r e i mbu r s e d  i n  s o m e  s ma l l  
way f o r  h i s s e r vi c e s  b y  t h e  d r iv e r s. Th e s y s t em o p e ra t e s  
sm o o t h ly a n d  a p pa r e n t l y  i n  s t ea d y s ta t e . 1 1  
I n  s umma r y  t h e n , o n e  fi n d s  t ha t  t ra n s i e n t  e f f e c t s  
a r e  p r e s en t  i n  a lmo s t  a l l  p ra c tica l qu eu e i ng si t ua t i o n s . 
S t a r t i n g  c o n di ti o n s  a f f e c t  th e t ran s i e n t  s ta t e  s o  tha t  s h o r t  
t e rm t ra n si e n t s  exi s t  w h e n  t h e  s y s t em s ta r t s  a n d  wh e n  
cha ng e s  i n  t h e
.
s y s t em- o p e ra t i ng pa rame t e r s  o c c u r. 
Hu ma n  b ei n g s o f t e n  va r y  t h ei r  b e hav i o r  s o  t ha t  a pa r t i c u la r  
sy s t em ma y a p p ea r  t o  b e  o p e ra ting i n  s t ea dy s ta t e . G e n e ra l  
guid e lin e s  f o r  t h e  l en g t h  o f  t ra n s i e n t  p e r i o d s  d o  e x i s t  
f o r  s i ng l e- c hann e l  s y s t em s . 
llL e e , p .  2 1 6 . 
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CHAPTER I I  
L I TE RATIJ RE SEARCH 
E xp l i c i t  m a t h ema t i ca l  s o l u ti o n s  f o r  t h e  t r an s i e n t  
sin g l e - c h an n e l  qu e u e hav e  b e en- p r o p o s e d  b y  s�v e r al a u t h o r s .  
Mo r s e  d e ri v e d  a s o lu t i o n f o r  t h e  s i n g l e - c ha n n e l  c a s e  
wit h e xp on e n ti al i n t e r ar r i va l  and s e r vi c e  t i m e s a n d  f ou nd 
t h a t. t h e  r e l axa t i o n tim e  i s  1/(Vji. - 6)2• R e l ax a t i o n t i m e  i s  
t h e  t im e  r e qu i r e d f o r t h e s y s t em t o  r ea c h  l/ e o f  t h e  
di ff e r en c e  b e t w e e n  i t s  i ni ti a l s ta t e  a n d  fi n a l  s t e a dy - s ta t e  
v alu e. 1 
F o r  e xamp l e , i f  )\. = 7 p er h ou r  a n dµ..= 1 0  p e r h o u r , 
t h e  r e l axati o n  tim e  i s  e qu a l t o  3 . 7 8 h o u r s. N o m i na l  
s t e ad y  s ta t e  i s  r ea c h e d i n  7 . 5 6 h o u r s . Th i s  i s  s h o w n  i n  
Fi g u r e  ·2 f o r  t h e  p r o b ab i lit y o f  b e i n g  i n  . s t at e z e r o. 
Al t h o u gh t h e  p r o ba b i li t y  o f  any s t a t e c o u l d b e  f o l l o we d 
f r om t i m e - z e r o  t o  t h e  s t ea dy - s t a t e  c o n d i ti o n s , i t  i s  
c o nv e n i e n t  t o  u s e  t h e  p r o ba bi li t y  o f  t h e  s t at i o n b e i ng 
i d l e  si n c e i t  i s  n o rma l l y  1 . 0  at t i m e - z e r o  an d w i l l  d e c r ea s e  
t o  i t s  s t ea dy - s t a t e  va lu e .  I n  g en e ra l  t h e  t r an s i e n t  d e c ay s  
exp o n e n t ia l l y  i n  tim e  t o wa r d s  t h e  s t e ad y- s t a t e  c o n d i ti o n s . 
!Ph i li p  M. M o r s e , Q ueue s ,  I nve n t o ries, � n d  M a i n te na nc e 
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Hou r s-
F i gu r e  2 . - P r o ba b i l i t y  o f  t h e  S y s t em B e i ng i n  S ta t e  Z e r o  
a t  Va r i o u s  P o i n t s i n  Time a f t e r Op e ra t i o n  S ta r t s  
11 
L e e s e  c o mpa r e d  s e v e ra l  num e r i ca l  me t h o d s  f o r  d e t e r m i n i n g  
t ran s i e n t  b e ha v i o r  f o r  t h e  exp o n e n t ia l  s i ng l e - c ha nn e l  qu e u e  
w i t h va r ia b l e -a r r i va l  ra t e .  Th e me t h o d s  L e e s e  c o mpa r e d  
w e r e : 
1. Di r e c t nu m e r i ca l  s o lu t i o n  o f  t h e  d i f f e r en t ia l  
e qua t i o
.
n s  
2. S o l u t i on o f  t h e  hyp e r b o l i c  pa r t ia l - d i f f e r e n t ia l  
e qua t i o n f o r  t h e  g en e ra t i n g f u n c t i o n  
3. S o l u t i o n u s i ng a g e n e ra l i z e d - g en e ra t i n g  f u n c t i on 
4. Ta y l o r s  s e r i e s  c o mpu ta t i o n  o f  Pn ( t+ h ) f r o m  Pn ( t )  
5 .  S o l u t i on u s i ng a s e r i e s  o f  Pn i n  p o w e r s o f  e 
6. Pn expr e s s e d a s  a mo d i f� e d  p o wer s e r i e s  in e 
7. W ra g g ' s m e t h o d  u s i n g  a n  i n t e g ra l  e qua t i on 
8 .  Mon t e - Ca r l o  s i mu la t i o n 
I n  t e r m s  o f  t h e  e c o nomy o f  ca l c u la t i o n , L e e s e  c o n s i d e r e d  
12 
Wragg's method to be the most useful when comparing the 
amount and accuracy of information gained versus the amount 
of computer time required . Using t his method Leese comput ed 
"quasi-steady state" values of the mean number of units in 
the system. These were the steady-state values to which 
the mean number in t he system would tend, if at a given time, 
t, the value of the utilization factor, e' were fixed at 
the value e ct) . Their results tended to verify Morse's 
equation for the relaxation time, in that after a short 
initial transient period, the expected number in the system 
follows the " quasi-steady state" values with time lags 
which were small when e was small and were much larger when 
h . t 2 e approac es uni y. 
Bhat and Mann, as referenced by Bhat, studied the 
single-�hannel queue with Poisson arrivals and constant-
service times using numerical met hods to determine how 
long the system must be in operat ion before the steady state 
is reached. With a utilization factor of e = . 7 ,  they found 
that it takes the completion of 40 services after the start 
2E. L .  Leese, "Numerical Met hods of Determining the 
Transient Behavior of Queues wit h Variable Arrival Rat e, " 
Queueing Theory: Recent Developments and Appli�at �ons, 
ed. R . Cruon (New York: American Elsevier Publishing 
Company; Inc. , 19 6 7 ), pp . 8 6-9 7. 
1 3  
o f  t h e  s ys t em t o  a t tai n s t ea d y s ta t e . I n  a n  8- h o u r  w o r k  da y 
w i t h a s er vi c e tim e  o f  6 o r  7 mi nu t e s  du ra ti on , i t  w o u l d  ta k e  
m or e  t ha n  ha l f  t h e  da y t o  c o m e  t o  a s ta t e  wh e r e  e qui li b rium 
3 
r esu l t s  w o u l d  h o l d .  
S aa t y  d e ri v e d  a tra n si e n t  s o l u ti o n  f or t h e  mu l· t i c hann e l 
qu e u e  wi t h  a fi ni t e  num b e r  o f  c hann e l s , c, i n  para l l e l  a n d  
w i t h a n  i n i tia l nu m b e r  o f  u n i t s , i ,  wai ti n g  f or s e r vi c e . 
Sa a t y' s fi na l  s o l u t i o n i s  i n  t e rm s o f  t h e  La p la c e  t ra n s f o rm 
o f  a mome n t  g e n e ra ti n g  f u n c ti o n . 
F or n :::> c 
µ r � n-j•' P * (s ) = - L(c-j)P.*� 1 -(crz�, ) n 'A .  J 11-j ( / ) 
w h e r e 
J�O C jJO(i. 1 - �/O<., 
- ( c -j )P . * ( s )  A. 1 - (°'"/°'·) -
l\"3 ] J --11--i-• I. ) c�t::t.. 1 - (oli.i°'· 
= i\. + c ,AA+ s ± -I o� + c .M. + s ) 2 - 4 c ,I.( i\ k 
27\ 
,,_ ... 
1 1 -(°'z./of. ) 
ft·i-1 
C J'Oi.a. 1- (otc,tb<, ) 
f o r  k = 1 , 2  
n = num b e r  o f  u ni t s  in t h e  s y s t em 
By expa n d i n g t hi s  s o l u ti o n  in s e ri e s , t h e n  taki ng s u c c e s si v e  
d er i va ti v e s a n d  e va l ua ti ng . t h e s e  d e riva ti v e s  a b o u t  s = O, 
t h e  m o m en t s  o f  t he di s t ri bu ti o n  o f  t h e  mea n  n um b e r  i n  t h e  
. d 
4 
s ys t em ca n b e  o b tai n e  . 
3Naraya n  U .  Bha t , " Six t y  Y ea r s  o f  Qu eu ei n g  Th e o r y , ' ' 
Manag emen t S ci e n c e ,  1 5 : 6  ( F e b r ua r y , 19 69 ) , p p . B290 - B291 . 
4 Th o ma s L .  Saa t y , E l em ent s o f  Qu eueing 
Th e ory (N e w  Y o r k: 
M cGraw - Hi l l  Bo o k  C ompa ny , I n c . , 19 60 ) , PP· 110 -11 7 .  
272153 
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S a a t y' s  s o l u ti o n  i s  ve r y  c omp lex a n d  t he o n l y  i n f o rma t i o n 
g ai n ed f r o m  t h e  s o l u ti o n  i s  a n  e s tima te o f  t he di s t ri bu ti o n  
of t h e  num b e r  o f  u ni t s  i n  t he s y s tem . 
Co n s eque n t l y , L ee s u g ge s te d  that m a t hemati c al s o l u ti o n s  
t o  t r an si en t  s y s te m s  are ei t h e r  un o b t ai na b le b r  u nma n agea b le. 5 
A s o l u ti o n  m ay be o b tai ne d f r o m a mo de l  ei t he r  b y  
m a t h em at ic a l  a nal y si s  o r  b y  simu l ati o n . I n  t hi s  ca se s t ri c t  
m at h em atic a l  a na l y si s  d oe s  n o t  p r o vi de t he i n f o r ma ti o n  
de s i r e d , an d a simu la ti o n  s h ou l d  be c o n s i de re d . 
Simu l a ti o n  ma y be de fi ne d a s  t he mani p u l ati o n  o f  t he 
p ar am e te r s o f  a fixe d l o gi c a l s t r u c ture wh i c h m o d e l s  t he 
r e a l  s y s t em i n  o r de r  t o  de rive a s o l u ti o n  pe r ti ne n t  t o  t he 
r e a l  s y s t em .  Whe n  o ne o r  mo re o f  t he p arame te r s  o f  t he 
s ys t em ,  n ame l y  t he me an i n te ra r ri va l  a n d  se r v i c e  time , are 
s t o c ha s tic v ar i a b le s  who se i n di vi du al v a l ue s  are ran d o m l y 
s e l e c t e d f r om a k n o wn p r o ba b i li t y  di s t ri bu ti o n  o f  p o s si b le 
v a lu e s; t he n  t he simu l ati o n  a p p r oa c h  i s  c al le d  t he M o n t e -
Car l o  t e c hni qu e . 
Ac k o f f  and Sa sie ni s u gge s te d  t he u s e o f  s i mu la ti o n  mo de ls 
i n  t h e  s t u d y  o f  t r an si ti o na l  p r o ce s se s . Fo r e x am p le , t h e  
s o l u ti o n  o f  a c omp lex i nve n t o r y p r o b lem i nv o l vi n g  t he 
5Ale c M .  Lee , Ap p l ie d  Queue i ng The o r y (L o n d o n : 
M acMi l l an and C omp any , L t d . , 19 6 6 ) ,  P· 2 7. 
15 
purc h a si n g , s t o r ag e , an d u s e  o f  s pa r e  pa r t s  f o r  ai r c r a f t  
m ay s how t h at t h e  cu r r en t  s t o c k  l e v e l s  f o r  s o m e  i t em s  ar e 
t o o  hi g h  whi l e  o t h e r s  a r e  t o o  l o w. An a n a l y ti c a l s o l u ti o n  
m ay s h o w  o n l y  t h e  av e r ag e  inven t o ry l e v e l  af t e r a t r an si ti o n  
p e r i od. Du ri n g  t h e  t ra n si ti o n  pe ri o d  tho s e  l e v e l s  t h a t  
w e r e  l ow ar e e a si l y  b r o u g h t  u p  b y  b u ying pa r t s; h ow e v e r , 
t ho s e  s t oc k  l e v e l s  t ha t  w e r e  t o o  hi gh a r e d e p l e t e d  o n l y 
t hr o u g h  u s e .  Al t h o u g h i n  tim e  t h e  inv en t o r y  l e v e l ma y 
d ec r e a s e ,  du ri n g  t h e  t r an si ti o n a l  p e ri o d  i t  wi l l  u s u al l y  
i nc r e a s e .  A simu la ti o n  s t u dy wi l l  i n di c at e  h o w  mu c h  t h e  
i n ve n t o r y l e v e l m ay i n c r ea s e  a n d  how l o n g  a p e ri o d  i s  
i n vo l v e d  b e f o r e  t h e  s t e ady s ta t e  i s  r e ach e d . 6 
L e e s e  u s e d  Mo n t e-C ar l o  simu la ti o n  as o n e  m e t h o d 
o f  s o l u ti o n f o r  t h e  t r an si e n t  si ng l e - c hann e l  ca s e  wi t h  
v ar i ab l e - ar ri v a l  r a t e. Fi gu r e  3 i s  t h e  inpu t d a t a u s e d  
b y L e e s e  i n  hi s c omp ari s o n s. 
Th e r e s u l t s o f  10 0 r u n s  o f  a F o r t r an P r o g r am f o r  t h e  
m e an n um b e r  i n  the  qu eu e , Q, ar e n o t e d  a s  c r o s s e s  i n  
Fig u r e  4 .  The r e s u l t s  o f  1 0 0  ru n s  o f  a p r o g r am w ri t t e n in 
Sim s c rip t  ar e n o t e d  as ci rc l e s  in Fi gu r e  4 .  L e e s e  f e l t  tha t 
6 Ru s s e l l  L .  Ac ko f f  and Mau ri c e  W. Sa si e ni , Fu n
dam e n ta l s 
o f Op e r a ti o n s  Re sea r c h  (New Y or k : John Wi l e y a
n d  S o n s , I n c . ,  
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Figure 3 .  Mean Arrival Rate and Time Input Data as 
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Figu r e 4. Average Number of Units in the Queue and 
From Simulation Studies Used b y  Leese 
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Time 
t h e  ac c u r ac y  o b t a i n e d  b y  h is s i mu l at i o n  was n o t g o o d .  
H e  n o t e d  t h a t  f o r  1 0 0  r u ns , th e 9 53 c o n f i d en c e  l i m i ts 
for an e s t im at e  o f  Q ( t) ar e g i v e n  b y : 
CL = Q ( t) + l . 96<Jq ( t) 
. 1 0 0  
S i nc e  Q ( t) a n d  0- q ( t) ar e o f  t h e  s ame o r d e r  o f  m a g n i t u d e  
for t h is c a s e , t h e  es t i mat es a� e s u bj e c t  t o  s amp l i n g 
fluc tu a t i o n s  o f  ap p r o x i m at e l y + 2 03 w i t h i n  t h e .c o n f i d e n c e 
l i mi ts. 7 
1 7 
Dy an esh s t u d i e d  th e e f f e c t  o f  s amp l e -s i z e an d r e p l i c a t i o n  
o n  t h e  a c c u r a c y  o f  q u e u e i n g s i mu l at i o ns .  Th e p u r p os e  o f  
h i s s t u d y  w a s  t o  s p e c i f y t h e  m i n imum s amp l e -s iz e a n d  
numb e r o f  r ep l i c at i o ns r e qu i r e d  i n  a qu eu e i ng s i mul a t i o n 
t o  b e  abl e  t o  es t i m a t e a g i v e n  s t a t is t i c  s u ch as m e an 
l e ng t h  o f  q u e u e'wi th i n  + 1 03 ac c u r ac y  an d 9 53 c o n f id en c e . 
. Dy an es h  · i n c l u d e d  th e t r ans i e nt p e r i o d  i n  t h e  . l e n g t h  o f  run . 
Th e s ampl e -s i z e an d num b e r  o f  r e p l i c at i o ns s p e c i f i.e d  f o r  
a p ar t i c u l ar s ys t em all o w  t i m e  f o r  th e s ys t em t o  r e a c h  
s t ea dy s t a t e . E l i m i n at i o n o f  th e t r ans i e n t  p e r i o d  f r o m 
th� d a t a  wo u l d  r e du c e  th e l e n g th o f  run r e qu i r e d f o r  th e 
7Le e s e , p .  9 6  
8 s am e  l ev el o f  a c c u r a c y . 
As w a s  sh o wn e arl i e r , Mo rs e's math emat i c al· s ol u t i o n  
1 8 
f o r  th e t r an s i e n t  s i ngl e - ch ann e l  c as e  y i el d e d  a r el a t i o nsh i p  
b e t w e e n  th e m e an s t e ady- s t a t e  ar r i v al r a t e , A, an d s e r v i c e  
r at e , � , wh i ch g i v es a m e asu r e  o f  th e l en g th o.f th e t r ans i en t  
p e r i o d . Ho w e v e r , f o r  th e mul t i ch ann e l  c a s e , o n e  n o t e s  th at 
S aa t y' s  m ath emat i c al s olu t i o n y i el ds o nl y  mo m e n ts o f  th e 
d i s t r i bu t i o n o f  th e m e an numb e r  o f  u n i t s  i n  th e s y s t e m. 
No gu i d el i n es f o r  t h e  l en g th o f  t r an s i e n t s i n  mul t i -
ch an n e l  qu e u e i ng s y s t e ms we r e  f ou n d  i n  th e l i t e r a t u r e .  
Th i s  i n f o rm a t i o n sh o ul d  b e  valu ab l e  t o  s ys t em s  anal y s ts 
who h av e  a n e e d  f o r  e r r o r  anal ys is an d f o r  u n d e rs t an d i n g 
th e g en e r al b eh avi o r  o f  t r ans i e nts i n  mul t i c h a n n el s y s t em s . 
Th e r e f o r e , i t  is p r o p o s e d t o  s t u d y  th e l e n g th s  o f  
i n i t i al t r ans i e n t s  i n  var i ous mul t i ch ann el s i t u a t i o n s  b y  
m e an s  o f  a d i g i t al- c o mpu t e r s i mul at i o n . Th e n , b y  o b s€ r v i n g 
th e  p r o b ab il i t y  s t a t es as th e y  app r o ach s t e ady s t � t e , o n e  
s h oul d  b e  a bl e  t o  g a i n  a m e asu r e  o f  th e l en g t h  o f  o p e r at i o n 
r e qu i r e d  f o r  th e s y s t em t o  r e a c h  s t e ady- s t a t e  c o n d i t i o n s. 
8Mu s vath y  K .  Dyanesh , "Th e Ef f e c t  o f  Repl i c at i o n o n  
Qu eu e i ng S i mulat i o n s" ( u npu bl ish e d  Ma s t e r' s  th e s i s ,  S ou th 
Dak o t a  S t a t e  Un i v e r s i t y , 1 96 9) , P 48. 
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CHAPTER I I I  
MODEL AND PROCEDURE 
Th e p u r p os e  o f  t h is exp e r i m e n t  is t o  i nv es t i g a t e  
t h e  l en g t h  o f  i n it i al t r ans i e n t  p e r i o ds i n  mu� ti c h an n e l 
qu e u e i ng s ys t ems wh i c h  h av e  e x p o n e n t i a l l y  d is t r i bu t e d 
I 
i nt e r ar r i va l  an d s e r v i c e  t i m es . Th e o bj e c t i v e  is t o  
e s t ab l is h  s o me gu i d e l i n es f o r  t h e  l en g th o f  �h is p e r i o d  
fo r v ar i o us s ys t em c o n f i gu r at i o ns and o p e r a t i ng p ar am e t e rs . 
I n  o r d e r  t o  o b s e r v e  t h e  s t a t es o f  t h e  s ys t em ,  a 
s i mul a t i o n  mo d e l  mus t have t wo b as i c  r eq u i r em e n ts f o r  d a t a  
ou t p u t. Th e d at a o u t p u t mus t i n c l u d e : 
1. Th e num b e r  o f  u n i ts i n  t h e  s ys t em 
2 .  A t i m e  val u e  ass o c i a t e d  wi t h  t h e  numb e r  o f  u n i ts 
i n  t h e  s ys t em 
A s amp l i ng m e t hod wh i c h  f i ts t h is r eq u i r em e n t  an d a ls o  
i n s u r es i n d e p e n d e n c e o f  o bs e rv at i o ns is th e t i m e -s l i c i ng 
me t h o d i n  wh i c h  t h e  sys t em is s amp l e d  at p r e d e t e r m i n ed t i m e  
i n t e r v a ls and ap p r o p r i a t e  dat a g ath e r e d . S i n c e t h e  
p ar am e t e r s  o f  th e s ys t em 7\. an d jJ.., ar e me ans o f  r an d om 
v ar i ab l e s , s amp l i ng th e s ys t em at f i x e d  t i m e  p e r i o ds is i n 
eff e c t a r andom s amp l i ng p r o c edu r e; and i n d e p e n d e n c e o f  
ob s e r vat i o ns c an b e  assum e d . 
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Prog r ams f o r  d ig i t al c o mpu t e r s i mul at i o ns o f  qu e u e i ng 
sy st ems may b e  wr i t t e n  i n  c omp i l e r l anguag es s u ch as 
Fo r t r an , Alg o l , and PL/l o r  i n  s p e c i al p u r p os e  m a c r o  
l ang u ag es wh i ch ar e d es i g n e d  f o r  e as e  o f  p r og r amm i ng 
s i mul at i o ns. Th es e mac r o  l anguages.s u ch as GPS S, S IMSCRIPT, 
GASP, S IMPAC , DYNAMO, a n d  S IMU LATE ar e n o t  c u r r e n t l y 
avai l ab l e  · f o r  us e o n  th e l o c a l  IBM 3 60/30 c om pu t e r. 
Of th e s e v e r al s i mul a t i o n p r o g r ams w r i t t e n  i n  c omp i l e r 
l ang uag es ,  a p r o g r am w r i t t e n  by Gou l d  i n  F o r t r an IV w as 
t h e  mo s t  su i t ab l e .
1 
I t  was us e d  w i th m i n o r  m o d i f i c a t i o ns 
w h ich su p p r ess e d  al l o u t p u t  s t at is t i cs an d d a t a  e x c e p t  th e 
s amp l e  t i m e  and th e nu m b e r  o f  un i ts i n  th e sys t em a t  t h e  
s ampl e t i m e . 
i n  T a bl e  I .  
Th e c ap a bi l i ti es o f  th is p r o g r am a r e  sh o w n  
Th e p r o g r am c ap a b i l i t i es u t i l i z e d  i n  th e 
e x p e r i m e n t  ar e encl os e d  b y  r e c t ang l es i n  Tab l e  I. 
Qu eu es wh i ch o p e r a t e at o r  n e ar s t eady-s t a t e  c o n d i t i ons 
mus t  b y  n e c ess i t y  h av e  a u t i l i z a ti o n f ac t o r , e ' d e f i n ed 
as A/m� , wh i ch is l ess th an uni t y. I f  e > 1 ,  s t e a d y -s t a t e  
c o n d i t i o ns w i l l  n o t  e x is t  as th e qu eu e wi l l  i n c r e as e w i th o u t  
b o und . Fo r th is e x p e r i m e nt th e valu e o f  e is v ar i e d b e t w e e n  
!R i ch ar d  P .  Co v e r t , Qu eu es and S imu l at
i o n  ( Br o o k i n gs : 
Dep ar tme n t  o f  Me ch an i c al E n g i n e e r i ng , Sou th
 Dak o t a  S t a te 
Un i v e rs i ty, 19 6 8), p p. 22 7 - 23 8 .  
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Tabl e 1 .  Compu t e r P r o g r am Cap ab i l i t i es 
Numb e r  Par am e t e r C ap ab i l i t y* 
1 Num b e r o f  p ar al l e l  � 
c hann e ls 
2 Ty p e  o f  qu e u e  a. F i n i t e  
. b .  I I n f i n i t e  I 





d is t r i bu t i o n  
S e rv i c e  t i me 
d is t r i bu t i o n 
Q u e u e  d is c i p l i n e  
Max imum num b e r  o f  
u n i ts p e r  run 
Max i mum num b e r  o f  
r e pl i c a t i o ns 
b .  
c .  
a .  
b .  
c .  
Co ns t an t  
T e n- c el l e d  
h is t o g r am 
IEx p o n en t i  al l 
C o ns t an t  
T e n- c e l l e d 
h is t o g r am 
F i rs t  i n , 
f i rs t  ou t 
*Th e p r o g r am c ap ab i l i t i es u t i l i z e d  i n  th
e ex p e r im e n t 
ar e e n c l os e d  
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.3 an d . 7  s o  t ha t  vari o u s  l o a d u t i l i z a ti o n s  i n  th e s t e a d y -
s t at e  op e r a ti n g  r e g i o n  may b e  o b s e r v e d . The numb e r  o f  
c hanne l s , m ,  i s  v ar i e d  wi th i n  th e p r o g r am c ap abi li t i e s  
b e t w e en 1 an d IO. p ar a l l e l  c h ann e l s. Th e c o mb i n a t i on s  o f  t h e  
ex p e r im en t  ar e sh o wn i n  Tab l e  2. 
Eac h  e x p e r i m e n t a l  c o mbinati o n  was simu l a t e d 1 0  t i m e s o n  
a n  I BM 36fr/3 0 c ompu t e r . Th e s e l e c t i o n o f  1 0  r ep e t i t i o n s  
w a s  ar b i t r ar y . Dy an e s h  i n d i c a t e d  3 0  r e p e t i t i o n s  f o r  h i gh e r  
v a lu e s  o f  e i n  th e e s timati o n  o f  c umu l at i v e  s t at i s ti c s  
w h i c h  n e c e s s ari l y  i n c l u d e  t r an si e nt e f f e c t s. 2 Ho w e v e r ,  f o r  
t h is ex p e rim e n t o n e  i s  i n t e r e s t e d  o n l y  i n  o bs e r vi n g  wh a t  
h ap p e n s  du r i n g th e t r an si e n t  p e ri o d. Th e l en g t h  o f  t h e  
simu l at i o n  w a s  fi x e d  t o  i n c l u d e  a p e ri o d  af t e r th e t r an si e n t  . 
e ff e c t s  h a d  e n d e d. Th e s amp ling p e ri o d  was fix e d  a t  . so h ou r . 
S e v e r a l  t ri a l  r u n s  sh o w e d  th at thi s int e r val g av e  s a t i s f a c t o r y 
r e su l t s  an d w a s r e as o n a b l y  o p timal wh en t h e  t i m e  r e qu i r e d f o r  
p r i n t o u t  an d s amp ling e f fi ci e n c y  w e r e  c o n s i d e r e d. · 
G af ar i an an d An c k e r  e s t ab li sh e d  a m e a s u r e  f o r  th e 
m i n i mu m s amp l e  t i m e  b e l o w wh i ch n o  g a i n  i n  s amp l i n g 
e ffi c i e nd y  o c cu r s. Thi s was ap p r o ximat e l y  e qu a l  t o  t h e  
2Mu s vath y  K. Dy an e sh , " Th e  E f f e c t  o f  Re p l i c at i o n o n  
Qu e u e i n g  Sim u l ati o n s " ( unp u b li sh e d  Mas t e r' s  t h
e s i s , S o u th 
Dak o t a  S t a t e  Uni v e r si t y , 1 96 9) , P• 4 8 . 
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Tab l e  2 .  Exp e r i m e n t al C o mb i n at i o ns 
Num b e r  e· A.1 2 � m 
l . 3  3 1 0 . 0 0 1 
2 3 5 . 0 0. 2 
3 3 3 . 3 3 3 
4 3 2 . 0 0 5 
5 3 1 . 0.0 1 0 
6 • 5 5 1 0 . 0 0 1 
7 5 5 . 0 0 2 
8 5 3. 3 3  3 
9 5 2 . 0 0 5 
1 0  5 1 . 0 0 1 0 
11: • 7 7 1 0 . 0 0 1 
1 2  7 5 . 0 0 2 
1 3 7 3. 3 3  3 
1 4 7 2 . 0 0 5 
1 5  7 1. 0 0  1 0 
1 /\. is e xp r ess e d  as ar r i vals p e r hou r 
2 
p.. is e xp r ess e d  as s e r v i c es. p e r h o u r  
2 4 
interarrival time, l/�.3 For this case, where: 
]... = 3 per hour l//\ = · . 3 3 3  hou-r* 
A = 5. per hour l/i' = . 2 0 0  hour 
/.- = 7 per hour l/i' = . 1 4 3  hour 
The s�mple time used was fairly close to the largest time 
predicted for maximum sampling efficiency. 
The data collected was simply the number of units 
in the system at the sampling time. A moving average of 
size 1 0  was next computed for each repetition. The relative 
frequency of occurrence of the system state in question was 
used to establish a percentage probability of occurrence. 
This probability was then associated with the midpoint of 
the 1 0  values and the sample time corresponding to the 
midpoint. The �oving average was used as a curve-smoothing. 
technique.# A grand mean for each experimental combination 
was then found by averaging the moving-average values of 
3A .  V. Gafarian and C. J. Ancker, Jr., "Mean Value 
Estimation From Digital Computer Simulation," Operations 
Research, 1 4:1 (January, 196 6) , pp. 2 5 - 4 4 . 
*Note that although for this study the time units are 
in hours, any unit of time may be used as long as it is 
consistent. 
�ote that one no longer has independent observations 
at this point. 
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the repetitions by corresponding time periods. These grand 
means were assumed to be normally distributed -about a 
population mean which varies with time during the transient 
and is independent of time when the system settles to 
steady state. These grand means were then graphed for each 
experimental combination as a probability state versus time. 
Figure 5 shows a representative graph for e = . 7  and m = 2 .  
Tbis graph indicated that random variations are occurring 
in the simulation even though the mean system is operating 
in steady state • 
• 3 
0 • 2 p., 
. 1  
2 4 6 8 
This random variation of means of 
1 0  1 2  1 4  1 6  1 8  2 0  2 2  2 4  2 6  
t 
Figure Probability of Being in State Zero and Time 5 .  
2 Simulations with e. = • 7 and m = for a Mean of 1 0  
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individual states is to be expected as both the interarrival 
and service times are random variables. Therefore, the 
simulation probability states may never actually equal 
theoretical steady-state results. A more reasonable approach 
with simulation results would appear to be the establishing 
of limits on the theoretical steady-state probability value 
· within wh�ch the actual value could vary randomly and still 
be considered to be operating in steady state. Note that 
the steady-state probability value is a constant whose 
equation is a straight line with slope zero. Since the 
simulation results vary randomly about some constant value 
as steady state is reached, linear regression was used as 
a method of analysis.4 Linear regression was applied from 
a point assumed to be the end of the transient to the end 
of the computer simulation. The assumed value was selected 
by noting the point at which 3 consecutive values from the 
simulation were within a range of �103 of the calculated 
steady-state values. For example, in Figure 5 ,  P0 = 0.1 7 6 , 
so the range was o . 1 7 6+0 . 01 7 6  or 0 . 1 5 84 and 0 . 1 9 3 6 . 
The steady state was accepted if the following 
4Robert G. P. Steel and James H. Torrie, Principles 
and Procedures of Statistics (New York: McGraw-Hill Book 
Company, Inc., 1960) , pp. 161-1 7 5 . 
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conditions were satisfied: 
1. The slope of the regression line was o .o� 0 . 0 0 5  
2. The 9 53 confidence interval on the regression line 
associated with the endpoint included the theoretical 
steady-state value 
I f  the steady state were accepted, the regression was 
repeated including the next time back until one or both of 
the conditions were violated. The last sample time at 
which both criteria were satisfied was defined for the 
purpose of this study as the point at which steady state 
begins. 
I n  Figure 5, note that the transient period appears 
to be over at 1 2  hours. It was at this point that linear 
regression analysis was started. Sample calculations are 
shown in Appendix C. 
For the period 1 2- 2 7 hours, the following results 
were obtained: slope = . 0 01 7 
CL ( P0) = .1 4 5 7 , .1 91 3 
This is shown as point 'a' in Figure 5. Both conditions 
were satisfied so the analysis was shifted back into the 
transient area by one sample time period. 
For the period 11 - 2 7  hours, the following results 
w er e  ob t a i n e d : sl op e = . 0 0 2 4  
CL ( P 0 ) = • 1 3  6 o 6 , • 1 81 9 4 
Thi s i s  sh o wn a s  p o i nt 'b' i n  F i gu r e  5. Bo th c o n d i t i on s  
2 8  
w er e  s t i ll s a t i s f i e d s o  th e r e g r e s s i o n an al y s i s  w a s  e x t e n d e d  
b ack a n  ad d i t i o n a l  t i me p e r i o d . 
F o r  th e p e r i o d  1 0 - 2 7  hou r s , th e f oll o wi n g  r e s ul t s  
w er e  ob t ai n e d : sl o p e = . 0 0 31 
CL ( P0 ) = .1 2 60 4 , . 1 71 2 6  
Thi s i s  sh o wn a s  p o i n t  ' c' i n  Fi gu r e  5. No t e  th a t  h e r e  th e 
sl o p e  s t i l l  f i t s w i th i n  th e l i m i ts bu t th a t  th e c o n f i d e n c e 
limi t s  no l o n g e r  i n c l u d e  th e th e o r e t i c al s t e a d y - s t a t e  v alu e 
o f  P = 0 . 1 7 6 . Fo r th i s  exp e r i m e n t al c omb i n a t i o n , 0 11 h ou r s 
w a s  th e t i me a t  wh i c h s t e a dy- s t a t e  c o n d i t i o n s  w e r e  d e f i n e d  
t o  s t ar t . 
Each exp e r i m en t a l c o mb i nat i o n  was anal y z e d  i n  th i s  
mann e r , an d th e r es u l t s  w e r e  t abu l a t e d . 
An ana l y s i s o f  v ar i an c e  was u s e d  t o  t e s t  th e r e s ul t s  
f or s i gn i f i c an t  d i f f e r e n c e s . Th e l e v e l  o f  s i gn i f i c an c e  
w as f i x e d  a t  th e 103 l e v e l  du e t o  th e ext r emel y  v ar i ab l e  
n a t u r e o f  th e s i mu l a t i o n r e s u l t s; 
CHAPTER IV 
RE SULTS 
Simul a t i o n r u n s  w e r e  made o n  all exp e r i m e n t al 
c ombin a t i o n s . Th e mo v i ng a� e r ag e s  w e r e  c o mpu t e d , a n d  t h e  
m e an s o f  t h e  m o v i ng av e r ag e s  w e r e . c al c ul a t e d  b y  s ampl e 
tim e p e r i od and g r ap h e d .  Tabl e 3 s ho w s  t h e  t h e o r e t i c al 
s t e ad y- s t a t e  r e s u l t s  f o r  all exp e r i m ent al r u n s. Th e s e  a r e 
th e v alu e s  t o  wh i c h t h e  s i mu l a t i o n r e sul t s  s h o ul d  c o nv e r g e  
a f t e r  t h e t r an s i e n t  p e r i o d  has p a s s e d. 
T abl e 3 .  Th e o r e t i c al S t e ady- S t a t e Pr o b ab il i t y  Valu e s  
f o r  Ea c h  Exp e r i m e n t al C o mb i nat i o n 
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P r ob a bili t y  
p o 
= . 7 0 0  
.5 3 8  
. 4 0 3  
. 2 2 3  
. 05 0  
.5 0 0  
. 3 33 
. 21 0  
. 0 8 0  
. 0 0 7  
. 3 0 0  
. 1 7 6  
. 0 95 
. 0 2 6  
. 0 01 
2 9  
3 0  
Th e s imul at i o n r e s ul ts o f  all e xp e r i m e n t al c o m b i n a t i o n s  
c o nv e r g e d  t o  th e i r  r e s p e c t i v e  th e o r e t i c al s t e a dy - s t a t e  
v al u e s e x c ep t f o r  t h e  s i n g l e - ch ann e l  s i mul at i o n s  a t  
u til i z a t i o n f a c t o r s  o f  . 5  and . 7 . N o  s e t  o f  v al u e s  · f r o m  
th e s e  s i mul at i o ns m e t  th e c o n d i t i o n s  s p e c i f i e d·. Th i s  
b eh av i o r  d o e s  o c c u r  i n  th e s t u dy o f  r an dom ph e n o m e n a  and 
i nd i c a t e s  t h a t  mo r e  r ep l i c at i o n s  were n e e d e d  f o r  th e s e  t wo 
c o mbi n a t i o ns; h o wev e r , s i n c e  Mo rs e' s  e qu at i o n al r e ad y  
p r e d i c t s  r el axat i o n  t i m e f o r  t h e  s i ngl e- ch ann el s y s t em ,  
th e s e  t wo c om b i n at i o ns w e r e  n o t  ana l y z e d. 
Th e r e s ul t s  o f  th e l i n ear r e g r ess i o n anal y s i s  a r e 
sh ow n i n  Tabl e 4 .  No t e  th at th e t i me u n i t s  t o  s t e ad y  
s t a t e m ay b e  i n t e r p r e t e d  as day s , h o u rs , m i nu t e s , o r  
s ec o n d s  d e p e n d e� t o n  t h e  t i m e  u n i t s  a s s o c i a t e d  w i th th e 
inp u t  p ar ame t e rs .  
An a n al ys is o f  v ar i an c e was c o n du c t e d  o n  th e 
r el at i o n sh i p  b e t we e n th e u t i l i z a t i o n  f ac t o r  an d th e n u m b e r 
o f  p ar a ll e l  s e r v i c e  ch an n e ls. Th e l e v el at wh i ch s i g n i f i c an c e 
w a s  ch o s e n  t o  b e  t es t e d  was t h e  1 03 l e v e l. Th i s  l e v el 
w as ch o s e n b e c au s e  o f  th e ext r eme l y  v ar i abl e n at u r e  o f  
th e s i mul a t i o n  r e s ul t s. 
Th e r e s ul t s  o f  th e analy s i s  o f  var i
an c e a r e sh o w n  
i n  Tabl e 5 .  
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Tabl e 4 .  Exp e r i m e n t a l  R e su l t s  
Numb e r  m Tim e Un i t s  To Regr e s s i o n R e s u l t s  
S t e a dy S t a t e  sl o p e  y CL ( P0) Po 
1 . 3  1 2 - . 00 3 5  . 60 84 . 5 7 6 1 - . 7 2 81 . 70 0  
2 2 7 - . 00 3 8  . 54 2 7 . 5 3 31 -.5 9 0 3  . 5 3 8  
3 3 9 - . 002 6 .4 1 21 . 3 8 3 3- . 4 8 7 7  . 4 0 3  
4 5 1 2  - . 0 0 4 4  . 21 8 7  . 1 9 2 9 - .• 310 5 . 2 2 3  
5 1 0  2 3  .oooo . 2 2 20 . 1 9 7 4 - . 2 4 6 6  . 2 2 41 
6 .5 1 . 50 0  
7 2 5 - . 0 0 4 6  . 3 3 2 0  . 3 2 8 8- . 4 9 51 . 3 3 3  
8 3 8 . 5  - . 0 0 2 9  . 20 2 5  . 2 011- . 2 51 1  . 21 0  
9 5 1 0  - . 0 01 4  . 0 7 4 6  . 0 50 6 - . 0 8 00 . 0 8 0  
1 0  1 0  35 .oooo . 1 9 2 8 . 1 6 00- . 2 2 5 6  . 1 7 5 2 
11 . 7  1 . 30 0  
1 2  2 1 1  . 0 0 2 4  . 1 7 8 2  . 1 3 6 0-.1 81 9 . 1 7 6  
1 3  3 7 . 0 0 0 2  . 0 9 5 6 . 0 80 5 - . 10 7 4  . 0 9 5  
14 5 8 .0 0 0 7  . 0 2 90 .0121 -�0 3 2 7 . 0 2 6 
15 1 0  1 2  - . 0 0 0 6  . 1 31 2  .1 1 8 2 - . 1 5 3 2  . 140
3 
lp 2 w a s  u se d  f or anal y s i s* 2p was u s e d  f o r  an aly s i s  
3p
4 
w a s  u s e d f o r  analy s i s  6 
*p2 i s  th�· p r o b ab�l i t y o f  
2 u n i t s  b e i ng i n  th e s y s t em 
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Tabl e 5 .  An a l y s i s  o f  Va r i an c e 
S o u r c e  S S' d f  m s  F* 
To t al 7 9 0 . 2 3 11 
U t il i z a t i o n  
F a c t o r 5 3 . 7 9  2 2 6. 8 9  . 6 7 3  
Numb e r  o f  
Ch ann- e l s  4 9 6 . 7 3 3 1 65 . 5 7  4.1 4* 
E r r o r  2 3 9 . 71 6 3 9 . 95 
*F . 1 0  ( 3/ 6) 3 . 2 9 
Tabl e 5 i n d i c a te s th a t  th e r e  we r e  n o  s i g n i f i c an t  
d i f f e r e n c e s  b e twe e n  the l e v e l s  o f  th e u t il i z a t i on f a c t o r . 
Tab l e  5 d o e s  i n d i c a te th a t  th e r e  w a s a s i gn i f i c an t  
di f f e r en c e a t  th e 1 03 l e v e l  b e tw ee n  th e numb e r  o f  p ar al l e l 
ch an n el s . 
A lin e ar· r e l at i o n sh i p  b e tw e e n  th e t i m e  u n i t s  r e qu i r e d 
t o  r e ach s te ady s t a te and th e numb e r  o f  p ar all e l  ch an n e l s 
i s  sh o wn i n  F i gu r e  6. I n c l u d e d  i n  F i gu r e 6 a r e th e v al u e s  
f o r  th e s i ng l e - ch an n e l  c a s e . Th e s e  w e r e  c a l c u l a t e d  f r o m  
Mo r s e' s e qu a t i o n f o r  th e r e l axat i o n t i me ,  Tr .
# Th e 
reg r e s s i o n  e qu at i o n f o r  the r e l a t i o n sh i p  b e t w e en t i m e u n i t s 
#Th e v a l u e  sh o wn i s  2 xTr 
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t o  s t e ad y  s t a t e , T ,  and numb e r  o f  p ar a ll e l  c h an n el s , m -' i s : 
T = 2. 0 3 5 m+ 2 . 1 2  
• 
3 3  
3 0  
2 7  
C> 2 4  0 
.µ 
rd 
.µ 2 1  
CJ) 
>i 
'tS 1 8  
rd 
Q) 
.µ 1 5  CJ) 
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f o r  t h e  
s y s t em 





CONCLU S I°ONS AND RECOMMENDATIONS 
Th e p u rp o s e  o f  th i s  s t u d y  was t o  d e t e rm i n e  th e l e n g th 
o f  i ni t i al t r an s i en t  p e r i o d s  i n  mu l t i ch ann el tju e u e i n g 
s y s t em s . 
W i th in th e l i m i t a t i o n s  o f  th i s  exp e r i m e n t  th e 
f o l l ow i n g c o n clu s i on s  m ay b e  dr awn : 
1 .  Si g n i f i c an t  t r e n d s  i n  t i m e  t o  s t e a dy s t a t e  
o c c u r r e d  w i th an i nc r e a s e i n  th e numb e r  o f  
p ar all el ch ann el s . 
2 .  N o  s i gn i f i c an t  d i f f e r e n c e s  i n  t i me t o  s t e ad y  
s t at e  w e r e  f o u n d  b e t w e e n  th e u t il i z a t i o n  f ac t o r s . 
Th e f oll o w i pg r e c o mm e n d at i o n s  ar e mad e f o r  f u r th e r  
s t u d y : 
1 .  S i m il ar s t u d i e s  sh o ul d  b e  c o n du c t e d  u t il i z i ng 
mo r e  r ep e t i t i o n s . 
2 .  Sim il ar s t u d i e s  sh o u l d  b e  c o n du c t e d  f o r  o th e r 
u t il i z a t i o n f a c t o r s  no t s t u d i e d  h e r e . 
3 .  S i m il ar s tu d i e s  sh o ul d  b e  c o n du c t e d  f o r  s e r v i c e  
a n d i n t e r ar r i v al t i me s o th e r  th an th e e xp o n e n t i al 
c as e s . 
4 . Th e r e  ap p e ar s t o  b e  n o  p r e c e d ent f o r · th e u s e  o f  
3 6  
lin e a r  r e g r e s s i o n  an al y s i s i n  s t u d i e s  o f  t h i s 
t yp e .  S i m il ar s t u d i e s  s h o u l d b e  c o n du c t e d in· 
th i s  a r e a  t o  p r o v e  o r  d i s p r o v e  i t s  m e r i t s  r e l a t i v e  
t o  o th e r  t e s t i ng t e c hn i qu e s  in t h e  s t u d y o f  
· t r an si en t s . 
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Ev e n t . 
APPENDIX A 
A P ar t i al Li s t  o f  t h e  Te r m s  u s e d  i n  
Qu eu e i n g Th e o r y  an d S i mu l at i o n1 
Any n o t ewo r t h y  o c cu r r e n c e i n  t h e  s y s t em i s  t e r m e d  
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a s  a n  e v e n t . I t  may b e  an ar r i v a l  o r  t h e c o mp l e t i o n 
o f  a s e r v i c e . · 
F ac i l i t y . A f ac i l i t y i s  a g en e r a l i z e d  s e r v i c e  � t at i o n  
a n d  m a y  b e  u s e d  t o  i n d i c a t e  a c omp l e x o f  s e r v i c e  
s t a t i o n s . 
Me an Ar r i v a l  Ra t e .  Th e m e an ar r i v al r a t e  i s  t h e  i nv e r s e  
o f  t h e  m e an t i m e  b e twe e n  ar r i val s an d m ay h av e  
any t y p e  o f  a d i s t r i bu t i o n . 
Me an S e r v i c e  Ra t e . Th e m e an s e r v i c e  r a t e  i s  t h e  i nv e r s e  
o f  t h e  me an t i m e  f o r  s e r v i c e  and m ay h a v e  an y 
t y p e  o f  d i s t r i bu t i o n . 
Par am e t e r s . A p ar am e t e r  i s  a f a c t o r  wh i c h  d e s c r i b e s  
a s t a t i s t i c al p o p u l at i o n . Th e s e  f ac t o r s  i n c l u d e  
t h e  m e an ar r i v a l  r a t e  an d t h e  me an s e r v i c e  r a t e . 
Qu eu e . Th e qu e u e  c o n s i s t s  o f  a l l  u n i t s  wai t i ng t o  b e  
!Ri c h ar d P .  C o v e r t , Qu eu e s  and S i mu l at i o n ( Br o o k i ng s : 
De p ar t m e n t  o f  Me c h an i c a l En g i n e e r i n g , S o u t h  Dak o t a  S t a t e  
U n i v e r s i t y , 1 9 6 8 ) , p p . 2 - 8 .  
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s e r v i c e d a t  a s p e c i f i e d  s e r v i c e  s t a t i o n . 
S e r v i c e  S t a t i o n .  Th e p e r f o r man c e  o f  al l s e r v i c e s  t ak e s  
Sy s t e m .  
p l a c e  i n  a s e r v i c e  s t at i o n . 
Th e s y s t em i s  c o mp o s e d o f  a s e r v i c e  f a c i l i t y  
a n d  i t s  qu eu_e s . 
Sy s t em S t a t e . Th e s t a t e o f  a s y s t em i s  t h e  num b e r  o f  
u n i t s  i n  t h e  s y s t em .  
Un i t . Th e u n i t  i s  t h a t  wh i c h i s  t o  b e  s e r v i c e d . 
U t i l i z a t i o n Fac t o r . Th e r a t i o  o f . t h e  s y s t em m e an a r r i v a l  
r a t e  t o  t h e s y s t em m e an s e r v i c e  r a t e i s  t e r m e d  t h e  
u t i l i z a t i o n f ac t o r . 
APPENDIX B 
G e n e r a l � z e d  S c hemat i c  Di ag r am o f  a 
Mu l t i c hanne l Sy s t em 
Ar r i v i n g  u n i t s  
c:::J CJ 
Qu e u e  
S e r v i c i ng Sy s t em 
• 
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APPENDIX C 
S a� ple Cai culations 
Re gre ssion analysis of the simulation re sults from a 
two channe l syste m with a utilization factor e = . 7 .  
For the pe riod 1 2 - 2 7  hours: 
Data Table 
x y 
1 2 . 1 9 
1 3  . 1 9  
1 4  . 1 7 
1 5  . 1 6 
1 6  . 1 6 
1 7  . 1 4 
1 8  . 1 6 
1 9  . 1 8 
2 0  . 1 7 
I: X  = 3 1 2  
x = 1 9 . 5  
� x2 = 6 4 2 4  
� XY 
� y  = 2 . 9 0 
y = . 1 8 1 2  
L Y2= . 5 3 3 8  
= 5 7 .1 5 
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2 1  . 1 9 � x2 = �X2 - < LX ) 2/ n = 6 4 2 4 -6 0 8 4  = 3 4 0  
2 2  . 2 0 
� y2 = �Y 2 -< I Y ) 2/n 2 3  • 2 2. = . 5 3 3 8 - . 5 2 5 6  = 
2 4  . 2 2 
2 5  . 2 1 r xy = IXY -< I X )  < � Y )/n = 5 7 . 1 5 -5 6 . 5 5 
2 6  . 1 8 
2 7  . 1 6 b = l xy/� x2 = . 6 0/ 3 4 0  
S 2 yx = I :y2 -<l. x;y )  2 II x 2 
n- 2 
= . 0 0 8 2 -( . 3 6 )/3 4 0  = 
1 4 
Syx = . 0 2 2 4  
CL ( P  ) = y + b(X- x )  � t.0 5 Sy� ' /
n
1 + (X-x ) 2 0 1 2 v · l X 2 
' t' at n- 2 df. 
= . 0 0 1 7  
. 0 0 0 5  
. 0 0 8 2 
= . 6 0 
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CL ( P 0 ) l. 2 = . l. 8 l. 2 + • o 0 l. 7 ( l. 2 - l. 9 • 5 ) + 2 • l. 4 5 ( • o 2 2 4 0 + (l. 2 - l. 9 • 5 ) 2 
1 6 3 4 0 
= 
• 1 4  5 7 , • l ·91 3 
S amp l e  c al c u l a t i o n s  f o r  r e l ax at i o n t i me s o f  s i ng l e  c h ann e l  
s y s t em s  u s i n g  Mo r s e ' s  e qu a t i o n . 
Tr = 1 = . 4 8 8  h o u r s  
c no - V3 > 2 
Fo r : e = • 3 
Tr = 1 = 1 . 1 6 5  h o u r s  
( Via- tf5 ) 2 
( = • 5 
( = • 7 Tr = 1 = 3 . 7 8 h o u r s  
( VlO-s/7 ) 2 
